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Question 1 

Substitute ݔ ൌ ݇ିଵ into the quartic expression: 

݇ିସ ൅ ܽ݇ିଷ ൅ ܾ݇ିଶ ൅ ܿ݇ିଵ ൅ 1 ൌ
1 ൅ ܽ݇ ൅ ܾ݇ଶ ൅ ܽ݇ଷ ൅ ݇ସ

݇ସ

M1 

Since ݇ cannot be 0 and the numerator is equal to 0 (since ݇ is a root of the 
equation), ݇ିଵ must also be a solution to the equation. 

E1 

(i)  For there to be only one distinct root, the root must be either 1 or ‐1 
If the root is 1 then ܽ ൌ െ4, ܾ ൌ 6  B1 
If the root is ‐1 then ܽ ൌ 4, ܾ ൌ 6  B1 

(ii)  For there to be three distinct roots there must be one repeated root (which must 
be either 1 or ‐1). 

E1 

If the repeated root is ݔ ൌ 1 then: 
1 ൅ ܽ ൅ ܾ ൅ ܽ ൅ 1 ൌ 0 

M1 

Therefore ܾ ൌ െ2ܽ െ 2  A1 AG 
If the repeated root is ݔ ൌ െ1 then:
1 െ ܽ ൅ ܾ െ ܽ ൅ 1 ൌ 0 

M1

Therefore ܾ ൌ 2ܽ െ 2  A1 AG

(iii)  ܾ ൌ 2ܽ െ 2 corresponds to the case where the repeated root is ‐1. 
ସݔ ൅ ଷݔܽ ൅ ଶݔܾ ൅ ݔܽ ൅ 1 ൌ ሺݔ ൅ 1ሻሺݔଷ ൅ ሺܽ െ 1ሻݔଶ ൅ ሺܽ െ 1ሻݔ ൅ 1ሻ
ሺݔ ൅ 1ሻ is a factor of ሺݔଷ ൅ ሺܽ െ 1ሻݔଶ ൅ ሺܽ െ 1ሻݔ ൅ 1ሻ 
ସݔ ൅ ଷݔܽ ൅ ଶݔܾ ൅ ݔܽ ൅ 1 ൌ ሺݔଶ ൅ ݔ2 ൅ 1ሻሺݔଶ ൅ ݔ݇ ൅ 1ሻ M1
Comparing coefficients of ݔଷ: 
ܽ ൌ ݇ ൅ 2 

A1 

Therefore the other roots are 

ሺ2 െ ܽሻ േ ඥሺܽ െ 2ሻଶ െ 4
2

M1 
A1 

In the case where ܾ ൌ 2ܽ െ 2: 
For all three roots to be real, ሺܽ െ 2ሻଶ െ 4 ൐ 0  M1 

A1 
ܽଶ ൐ 4ܽ ൌ 2ܾ ൅ 4 
In the case where ܾ ൌ െ2ܽ െ 2, the quadratic will have ܽ ൌ ݇ െ 2 
Therefore ሺܽ ൅ 2ሻଶ െ 4 ൐ 0 for three roots 

M1 
A1 

The quadratic factors in the two cases are both of the form ݔଶ ൅ ݔ݇ ൅ 1. They 
must have roots that are not േ1. 
௞േ√௞మିସ

ଶ
ൌ േ1 if ݇ଶ െ 4 ൌ ሺ݇ േ 2ሻଶ, 

ሺ݇ േ 2ሻଶ െ ሺ݇ ൅ 2ሻሺ݇ െ 2ሻ ൌ 0, so ݇ ൌ േ2. 
Therefore in neither of the two cases investigated does the quadratic equation 
have solutions of േ1  

M1
A1 

Therefore 
ሺܾ ൅ 2ሻଶ ൌ 4ܽଶ 
and 
ܽଶ ൐ 2ܾ ൅ 4 
Are necessary and sufficient conditions for (*) to have exactly three distinct real 
roots. 

A1

©UCLES STEP 2 MATHEMATICS 2018 33



M1  Substituted correctly. 

E1  Conclusion explained fully 

B1  Values only need to be stated – there is no need to link them to the value of the root. 

B1  Values only need to be stated – there is no need to link them to the value of the root. 

Subtotal: 4

E1  Identify that one of the roots must be 1 or ‐1 

M1  Substitution of ݔ ൌ 1 
A1  Conclude the first relationship 

M1  Substitution of ݔ ൌ െ1 
A1  Conclude the second relationship 

Subtotal: 5

M1  Factorised form 

A1  Comparison of coefficient 

M1  Application of quadratic formula 

A1  Correct roots 

Subtotal: 4

M1  Use of the discriminant 

A1  ሺܽ െ 2ሻଶ െ 4 ൐ 0 and strictness explained 
M1  Follow through same process for second case 

A1  ሺܽ ൅ 2ሻଶ െ 4 ൐ 0  
M1  Attempt to check that the roots of the quadratic are not equal to േ1.
A1  Full justification. 

A1  Any equivalent expression of the conditions 

Subtotal: 7
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Question 2 

  Sketch showing the curve and chord with the chord entirely below the curve and 
݂ሺݔଵሻ ൏ ݂ሺݔଶሻ 

E1 

  ଵݔݐ ൅ ሺ1 െ ,ଵݔ) ଶ identified as a value in the rangeݔሻݐ   ଶሻݔ E1 
  ൫ݔݐଵ ൅ ሺ1 െ ,ଶݔሻݐ ଵሻݔሺ݂ݐ ൅ ሺ1 െ  .ଶሻ൯ identified as the point on the chordݔሻ݂ሺݐ E1 

  If ݂ᇱᇱሺݔሻ ൏ 0 for ܽ ൏ ݔ ൏ ܾ then the gradient of the curve ݕ ൌ ݂ሺݔሻ must be 
decreasing as ݔ increases. 

E1 

  Suppose that a function ݂ሺݔሻ satisfies ݂ᇱᇱሺݔሻ ൏ 0 for ܽ ൏ ݔ ൏ ܾ, but is not 
concave for ܽ ൏ ݔ ൏ ܾ. Then there must be points ݔଵ ൏  ,ݐ ଶ and a valueݔ
0 ൏ ݐ ൏ 1	such that 
ଵሻݔሺ݂ݐ ൅ ሺ1 െ ଶሻݔሻ݂ሺݐ ൐ ݂ሺݔݐଵ ൅ ሺ1 െ ଶሻݔሻݐ

 

  The gradient at ݔ ൌ ଵݔݐ	 ൅ ሺ1 െ  ଶ must be less than the gradient of the chordݔሻݐ
joining ሺݔଵ, ݂ሺݔଵሻሻ and ሺݔଶ, ݂ሺݔଶሻሻ, and so the curve ݕ ൌ ݂ሺݔሻ must continue to 
have a gradient of this value or less. The curve therefore cannot pass through 
ሺݔଶ, ݂ሺݔଶሻ). Therefore, it must be the case that a function satisfying ݂ᇱᇱሺݔሻ ൏ 0 
for ܽ ൏ ݔ ൏ ܾ is concave for ܽ ൏ ݔ ൏ ܾ. 

E1 

     
(i)  Let ݔଵ ൌ

ଶ௨ା௩

ଷ
, ଶݔ ൌ

௩ାଶ௪

ଷ
 and ݐ ൌ

ଵ

ଶ
  M1

  Then, since ݂ሺݔሻ is concave for ܽ ൏ ݔ ൏ ܾ: 
ଵ

ଶ
݂ ቀ

ଶ௨ା௩

ଷ
ቁ ൅

ଵ

ଶ
݂ ቀ

௩ାଶ௪

ଷ
ቁ ൑ ݂ ቀ

௨ା௩ା௪

ଷ
ቁ  

A1 

  Setting ݔଵ ൌ ,ݑ ଶݔ ൌ ݐ and ݒ ൌ
ଶ

ଷ
 gives: 

ଶ

ଷ
݂ሺݑሻ ൅

ଵ

ଷ
݂ሺݒሻ ൑ ݂ ቀ

ଶ௨ା௩

ଷ
ቁ  

B1 

  Similarly, setting ݔଵ ൌ ,ݒ ଶݔ ൌ ݐ and ݓ ൌ
ଵ

ଷ
 gives: 

ଵ

ଷ
݂ሺݒሻ ൅

ଶ

ଷ
݂ሺݓሻ ൑ ݂ ቀ

௩ାଶ௪

ଷ
ቁ  

B1 

  Therefore: 

݂ ቀ
௨ା௩ା௪

ଷ
ቁ ൒

ଵ

ଶ
݂ ቀ

ଶ௨ା௩

ଷ
ቁ ൅

ଵ

ଶ
݂ ቀ

௩ାଶ௪

ଷ
ቁ 

൒
ଵ

ଶ
൬
ଶ

ଷ
݂ሺݑሻ ൅

ଵ

ଷ
݂ሺݒሻ൰ ൅

ଵ

ଶ
൬
ଵ

ଷ
݂ሺݒሻ ൅

ଶ

ଷ
݂ሺݓሻ൰ ൌ

௙ሺ௨ሻା௙ሺ௩ሻା௙ሺ௪ሻ

ଷ
  

M1
A1 AG 

     
(ii)  If ݂ሺݔሻ ൌ sin ሻݔthen ݂ᇱᇱሺ ,ݔ ൌ െ sin ݔ and ݂ᇱᇱሺݔሻ ൏ 0 for 0 ൏ ݔ ൏ .ߨ

Therefore ݂ሺݔሻ is concave for 0 ൏ ݔ ൏  .ߨ
B1 
E1 

  0 ൏ ,ܣ ,ܤ ܥ ൏ ܣ and ߨ ൅ ܤ ൅ ܥ ൌ  :therefore, by (i) ,ߨ

sin
గ

ଷ
൒

ୱ୧୬஺ାୱ୧୬஻ାୱ୧୬஼

ଷ
  

M1 

  sin ܣ ൅ sinܤ ൅ sin ܥ ൑
ଷ√ଷ

ଶ
   A1 AG 

     
(iii)  If ݂ሺݔሻ ൌ lnሺsin ሻݔሻ, then ݂ᇱሺݔ ൌ cot  ݔ M1 
  ݂ᇱᇱሺݔሻ ൌ െcosecଶ   ݔ A1 
  Therefore ݂ᇱᇱሺݔሻ ൏ 0 for 0 ൏ ݔ ൏ ߨ and so ݂ሺݔሻ is concave for 0 ൏ ݔ ൏  ߨ E1 
  Therefore: 

ln ቀsin
గ

ଷ
ቁ ൒

୪୬ሺୱ୧୬஺ሻା୪୬ሺୱ୧୬஻ሻା୪୬ሺୱ୧୬ ஼ሻ

ଷ
  

M1 

  3 ln ቀ√
ଷ

ଶ
ቁ ൒ lnሺsinܣ ൈ sinܤ ൈ sin   ሻܥ  

 
sin ܣ ൈ sinܤ ൈ sin ܥ ൑ ቀ√

ଷ

ଶ
ቁ
ଷ
ൌ

ଷ√ଷ

଼
  

A1 AG 
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E1  Sketch must match the case given in the question

E1  Could be explained in text or indicated on the graph (if clearly labelled) 

E1  Could be explained in text 

E1  Explanation includes reference to the behaviour of the gradient 

E1  Fully clear explanation 

Subtotal: 5

M1  Any choice that will lead to ݂ ቀ
௨ା௩ା௪

ଷ
ቁ on RHS 

A1  Application of definition of concave. 

B1  Any choice that leads to an expression in terms of ݂ሺݑሻ, ݂ሺݒሻ and ݂ሺݓሻ on LHS 
B1  Any choice that leads to an expression in terms of ݂ሺݑሻ, ݂ሺݒሻ and ݂ሺݓሻ on LHS 
M1  Combination of previous inequalities 

A1  Fully correct derivation 

Subtotal: 6

B1  States second derivative 

E1  Concludes that the function is concave 

M1  Application of result from (i) (including justification that it can be applied) 

A1  Reaches correct inequality 

Subtotal: 4

M1  Differentiation of the correct function 

A1  Correct second derivative 

E1  Conclusion that the function is concave

M1  Application of result from (i) 

A1  Correct manipulation of logarithms to reach given result. 

Subtotal: 5
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Question 3 

(i)  ݂ሺݔሻ ൌ ሺ1 ൅ tan   ሻିଵݔ
݂ᇱሺݔሻ ൌ െሺ1 ൅ tan ሻିଶݔ secଶ   ݔ

M1 
A1 

  ݂ᇱሺݔሻ ൌ െ
ଵ

ሺଵା୲ୟ୬ ௫ሻమ ୡ୭ୱమ ௫
    

  ൌ െ
ଵ

ሺୱ୧୬௫ାୡ୭ୱ௫ሻమ
   M1 

  ൌ െ
ଵ

ୱ୧୬మ ௫ାୡ୭ୱమ ௫ାଶ ୱ୧୬௫ ୡ୭ୱ௫
  

ൌ െ
ଵ

ଵାୱ୧୬ଶ௫
  

A1
AG 

  Within the given domain, 0 ൑ sin ݔ2 ൑ 1, so െ1 ൑ ݂ᇱሺݔሻ ൑
ଵ

ଶ
  B1 

     
  Sketch of graph should have the following features:   
  Decreasing function  G1 
  Points (0,1) and ቀ

గ

ଶ
, 0ቁ  G1

  Point of inflexion at ݔ ൌ
గ

ସ
  G1 

  All other features correct  G1 
     
(ii)  If the point ሺݔ, ݃ሺݔሻሻ is rotated through 180 degrees about the point ሺܽ, ܾሻ then 

the image will be at the point ሺܽ ൅ ሺܽ െ ,ሻݔ ܾ ൅ ൫ܾ െ ݃ሺݔሻ൯ሻ. 
E1 

  Therefore, if the curve has rotational symmetry of order 2 about the point ሺܽ, ܾሻ, 
then ݃ሺ2ܽ െ ሻݔ ൌ 2ܾ െ ݃ሺݔሻ, so ݃ሺݔሻ ൅ ݃ሺ2ܽ െ ሻݔ ൌ 2ܾ 

E1 

  Similarly, if ݃ሺݔሻ ൅ ݃ሺ2ܽ െ ሻݔ ൌ 2ܾ, then any pair of points that are centred 
horizontally on the point ሺܽ, ܾሻ will also be centred vertically on the point ሺܽ, ܾሻ,  

E1 

  which means that the curve will have rotational symmetry about that point.  E1 
     
  ׬ ݃ሺݔሻ

ଵ
ିଵ ݔ݀ ൌ 0   B1 

     
(iii)  Since tan ቀ

గ

ଶ
െ ቁݔ ൌ cot  ,ݔ B1 

  ݂ ቀ
గ

ଶ
െ ቁݔ ൌ

ଵ

ଵାୡ୭୲ౡ ௫	
   M1 

     
  ൌ

୲ୟ୬ೖ ௫

୲ୟ୬ೖ ௫ାଵ
ൌ 1 െ ݂ሺݔሻ   M1 

  Therefore ݂ሺݔሻ ൅ ݂ ቀ2 ቀ
గ

ସ
ቁ െ ቁݔ ൌ 2 ቀ

ଵ

ଶ
ቁ   

  So the curve has rotational symmetry of order 2 about the point ሺ
గ

ସ
,
ଵ

ଶ
)   A1

     
  The area under the curve over any interval centred on ݔ ൌ

గ

ସ
, will therefore have 

the same area as a rectangle of the same width and height 
ଵ

ଶ
. 

M1 

 
Therefore ׬

ଵ

ଵା୲ୟ୬ೖ ௫

భ
య
గ

భ
ల
గ

ݔ݀ ൌ ቀ
గ

ଷ
െ

గ

଺
ቁ ൈ

ଵ

ଶ
ൌ

గ

ଵଶ
 

A1

 

   

©UCLES STEP 2 MATHEMATICS 2018 37



M1  Attempt to apply the chain or quotient rule

A1  Correct derivative 

M1  Application of an appropriate trigonometric identity to simplify the function 

A1  Fully correct simplification 

B1  Correct range 

Subtotal: 5

G1  Feature clear on graph 

G1  Feature clear on graph 

G1  Feature clear on graph 

G1  Feature clear on graph 

Subtotal: 4

E1  Identification of required image point 

E1  Fully clear explanation 

E1  Connection with points centred either horizontally or vertically on the correct value. 

E1  Fully clear explanation 

B1  Correct value 

Subtotal: 5

B1  Connection with cot, or application of an appropriate trigonometric identity 

M1  Appropriate substitution to show rotational symmetry 

M1  Correct manipulation to show rotational symmetry

A1  Rotational symmetry shown and point identified 

M1  Equivalent area identified 

A1  Correct value 

Subtotal: 6
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Question 4 

(i)  cos ݔ ൅ cos ݔ4 ൌ 2 cos
ହ

ଶ
ݔ cos

ଷ

ଶ
and cos ݔ ݔ2 ൅ cos ݔ3 ൌ 2 cos

ହ

ଶ
ݔ cos

ଵ

ଶ
 ݔ M1 

  2 cos
ହ

ଶ
ݔ cos

ଷ

ଶ
ݔ ൅ 6 cos

ହ

ଶ
ݔ cos

ଵ

ଶ
ݔ ൌ 0, so 2 cos

ହ

ଶ
ݔ ሺcos

ଷ

ଶ
ݔ ൅ 3 cos

ଵ

ଶ
ሻݔ ൌ 0  M1 

  Therefore cos
ହ

ଶ
ݔ ൌ 0 or cos

ଷ

ଶ
ݔ ൅ 3 cos

ଵ

ଶ
ݔ ൌ 0  A1

  cos
ହ

ଶ
ݔ ൌ 0 gives ݔ ൌ

గ

ହ
,
ଷగ

ହ
, ,ߨ

଻గ

ହ
 or 

ଽగ

ହ
  B1 B1 

  If cos
ଷ

ଶ
ݔ ൅ 3 cos

ଵ

ଶ
ݔ ൌ 0, then: 

ቀcos
ଷ

ଶ
ݔ ൅ cos

ଵ

ଶ
ቁݔ ൅ 2 cos

ଵ

ଶ
ݔ ൌ 0  

2 cos ݔ cos
ଵ

ଶ
ݔ ൅ 2 cos

ଵ

ଶ
ݔ ൌ 0  

2 cos
ଵ

ଶ
ݔ ሺcos ݔ ൅ 1ሻ ൌ 0  

M1 

  cos
ଵ

ଶ
ݔ ൌ 0 or cos ݔ ൌ െ1, both of which give no new solutions to the equation.  A1 

     
(ii)  cosሺݔ െ ሻݕ ൅ cosሺݔ ൅ ሻݕ ൌ 2 cos ݔ cos ݕ M1 
  2 cos ݔ cos ݕ െ 2 cosଶ ݔ ൅ 1 ൌ 1 M1 
  2 cos ݔ ሺcos ݕ െ cos ሻݔ ൌ 0   M1 
  Therefore either cos ݔ ൌ cos ݔ which can only be the case if ,ݕ ൌ ݕ since  

0 ൑ ݔ ൑ and 0 ߨ ൑ ݕ ൑  ߨ
E1 

  Or cos ݔ ൌ 0, so ݔ ൌ
గ

ଶ
  A1 

     
(iii) 

2 cos
1
2
ሺݔ ൅ ሻݕ cos

1
2
ሺݔ െ  ሻݕ

M1

 
െ൬2 cosଶ

1
2
ሺݔ ൅ ሻݕ െ 1൰ ൌ

3
2
 

M1 

 
4 cosଶ

1
2
ሺݔ ൅ ሻݕ െ 4 cos

1
2
ሺݔ ൅ ሻݕ cos

1
2
ሺݔ െ ሻݕ ൅ 1 ൌ 0 

M1 

 
൬2 cos

1
2
ሺݔ ൅ ሻݕ െ cos

1
2
ሺݔ െ ሻ൰ݕ

ଶ

൅ 1 െ cosଶ
1
2
ሺݔ െ ሻݕ ൌ 0 

M1 

 
൬2 cos

1
2
ሺݔ ൅ ሻݕ െ cos

1
2
ሺݔ െ ሻ൰ݕ

ଶ

൅ sinଶ
1
2
ሺݔ െ ሻݕ ൌ 0 

M1 

  Therefore, since both terms are ൒ 0, they must both be equal to 0. M1
  For 0 ൑ ݔ ൑ and 0 ߨ ൑ ݕ ൑ sinଶ ,ߨ

ଵ

ଶ
ሺݔ െ ሻݕ ൌ 0 only when ݔ ൌ  ݕ M1 

  Therefore 2 cos ݔ ൌ 1, so ݔ ൌ
గ

ଷ
 and ݕ ൌ

గ

ଷ
  A1 
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M1  Pairing of terms in the equation

M1  Factorisation 

A1  Identification of the two cases 

B1  One solution identified 

B1  Full set of solutions for first case

M1  Manipulation of equation from other case 

A1  Justification that this gives no other roots to the equation 

Subtotal: 7

M1  Simplification of sum of cos functions or use of a compound angle formula 

M1  Use of cos  identity ݔ2
M1  Factorisation 

E1  Explanation that ݔ ൌ  (ݕ and ݔ must refer to range of values for) ݕ
A1  Correct value 

Subtotal: 5

M1  Simplication of sum of first two functions 

M1  Use of cos  identity ܣ2
M1  Simplification to three‐term quadratic 

M1  Completion of square, or calculation of discriminant 

M1  Expression using sin function 

M1  Explanation that this implies both equal

M1  Conclusion that ݔ ൌ  ݕ
A1  Correct solution 

Subtotal: 8
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Question 5 

(i)  ݊௧௛  term of expansion is 
ሺିଵሻሺିଶሻ…ሺି௡ሻ

௡!
ሺݔሻ௡   

 
ሺ1 ൅ ሻିଵݔ ൌ ෍ሺെݔሻ௡

ஶ

௡ୀ଴

 
B1 

  නሺ1 ൅ ሻିଵݔ ݔ݀ ൌ lnሺ1 ൅ ሻݔ ൅ ܿ  B1 
E1 

 
න෍ሺെݔሻ௡

ஶ

௡ୀ଴

ݔ݀ ൌ െ෍
ሺെݔሻ௡ାଵ

݊ ൅ 1

ஶ

௡ୀ଴

ൌ െ෍
ሺെݔሻ௡

݊

ஶ

௡ୀଵ

 
B1 
AG 

     
(ii) 

݁ି௔௫ ൌ ෍
ሺെܽݔሻ௡

݊!

ஶ

௡ୀ଴

 
B1 

  ሺ1 െ ݁ି௔௫ሻ݁ି௫

ݔ
ൌ െ൭෍

ሺെܽሻ௡

݊!
௡ିଵݔ

ஶ

௡ୀଵ

൱ ݁ି௫ 
M1
 

  Let 

௡ܫ ൌ න ௡݁ି௫ݔ
ஶ

଴
 ݔ݀

 

 
ݑ ൌ ௡ݔ

ݒ݀
ݔ݀

ൌ ݁ି௫

ݑ݀
ݔ݀

ൌ ௡ିଵݔ݊ ݒ ൌ െ݁ି௫
 

M1
A1 

 
௡ܫ ൌ ሾെݔ௡݁ି௫ሿ଴

ஶ ൅ ݊න ௡ିଵ݁ି௫ݔ
ஶ

଴
 ݔ݀

M1 

  ௡ܫ ൌ  ௡ିଵܫ݊ M1 
 

଴ܫ ൌ න ݁ି௫
ஶ

଴
ݔ݀ ൌ ሾെ݁ି௫ሿ଴

ஶ ൌ 1 
M1 

  Therefore ܫ௡ ൌ ݊!  A1 
  So 

න െ൭෍
ሺെܽሻ௡

݊!
௡ିଵݔ

ஶ

௡ୀଵ

൱ ݁ି௫
ஶ

଴
ݔ݀ ൌ െ൭෍

ሺെܽሻ௡

݊

ஶ

௡ୀଵ

൱ ൌ lnሺ1 ൅ ܽሻ 

(by part (i)) 

A1
AG 

     
(iii)  Let ݑ ൌ െ ln  ݔ

Then ݔ ൌ ݁ି௨ and 
ௗ௫

ௗ௨
ൌ െ݁ି௨ 

M1
M1 

  Change limits: 
ݔ ൌ 1 becomes ݑ ൌ 0 
ݔ ൌ 0 becomes ݑ ൌ ∞ 

 
 
B1 

 
න

௣ݔ െ ௤ݔ

ln ݔ
ݔ݀

ଵ

଴
ൌ න

ሺ݁ି௣௨ െ ݁ି௤௨ሻ
െݑ

଴

ஶ
ሺെ݁ି௨ሻ݀ݑ 

M1 
A1 

 
ൌ െන

ሺ1 െ ݁ି௤௨ሻ െ ሺ1 െ ݁ି௣௨ሻ
ݑ

ஶ

଴
ሺ݁ି௨ሻ݀ݑ 

M1

  ൌ െ lnሺ1 ൅ ሻݍ ൅ lnሺ1 ൅  ሻ݌  
 

ൌ ln ൬
1 ൅ ݌
1 ൅ ݍ

൰ 
A1 
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B1  Simplified form 

B1  Correct integral 

E1  Show that ܿ ൌ 0 
B1  Correct integration term by term (ensure that signs are dealt with correctly) 

Subtotal: 4

B1  Correct expansion 

M1  Substitution into the function to be integrated 

M1  Integration by parts 

A1  Correct derivative and integral

M1  Completion of integration by parts 

M1  Simplification, including substitution of limits 

M1  First case evaluated 

A1  General result 

A1  Fully correct solution 

Subtotal: 9

M1  Selection of appropriate substitution

M1  Differentiation 

B1  Limits changed 

M1  Substitution applied to the integral 

A1  Completed substitution 

M1  Rearrangement so that previous result can be applied 

A1  Application of previous result (final simplification not needed) 

Subtotal: 7
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Question 6 

(i)  If ݊ ൒ 5 then ݊! ൅ 5 ൐ 5 and has 5 as a factor   E1 
  Therefore the only possible solutions will have ݊ ൏ 5 E1 
  The only pairs are therefore   
  ሺ2,7ሻ  B1 
  ሺ3,11ሻ  B1 
  ሺ4,29ሻ  B1 
     
(ii)  If ݊ ൒ 7 then theorem 1 shows that ݉ ൐ 4݊.  E1 
  By theorem 2, there is a prime number between 2݊ and ݉, which must be a 

factor of ݉! 
E1 

  But that prime cannot be a factor of any of 1! ,3!,⋯ , ሺ2݊ െ 1ሻ!  E2 
  So it cannot be a factor of 1! ൈ 3! ൈ ⋯ൈ ሺ2݊ െ 1ሻ!  E1 
  Therefore there is a prime factor on the RHS that does not appear on the LHS.  E1 
  Therefore the only pairs must have ݊ ൏ 7 E1 
     
  ݊ ൌ 1: ݉ ൌ 1  B1 
  ݊ ൌ 2: ݉ ൌ 3  B1 
  ݊ ൌ 3: LHS=3! ൈ 5! 

3! ൈ 5! ൌ 5! ൈ 6 ൌ 6!
 

  So ݉ ൌ 6  B1 
  ݊ ൌ 4: LHSൌ 3! ൈ 5! ൈ 7! 

3! ൈ 5! ൌ 2 ൈ 3 ൈ 2 ൈ 3 ൈ 4 ൈ 5 ൌ ሺ2 ൈ 4ሻ ൈ ሺ3 ൈ 3ሻ ൈ ሺ2 ൈ 5ሻ 
M1

  So ݉ ൌ 10  A1
  ݊ ൌ 5: LHS ൌ 	3! ൈ 5! ൈ 7! ൈ 9! 

There must be two factors of 7 in the RHS, so ݉ ൒ 14 
E1 

  There will be no way of generating a factor of 11 for the RHS.   
  ݊ ൌ 6: LHS ൌ 	3! ൈ 5! ൈ 7! ൈ 9! ൈ 11!

There must be two factors of 7 in the RHS, so ݉ ൒ 14 
E1 

  There will be no way of generating a factor of 13 for the RHS  E1 
 

   

©UCLES STEP 2 MATHEMATICS 2018 43



E1  Identification of common factor of 5

E1  No solutions for high values of ݊ justified 
B1  Correct solution 

B1  Correct solution 

B1  Correct solution 

Subtotal: 5

E1  Significance of theorem 1 explained 

E1  Significance of theorem 2 explained 

E2  Explicit statement that the prime cannot be a factor is required

E1  Can imply previous mark 

E1  Prime factor on one side but not the other clearly explained 

E1  Justification that solutions only exist for ݊ ൏ 7 
Subtotal: 7

B1  Correct solution 

B1  Correct solution 

B1  Correct solution 

M1  Rearrangement of middle values to create 8 ൈ 9 ൈ 10 
A1  Correct value 

E1  Explanation that ݉ ൒ 11 
E1  Explanation that ݉ ൒ 13 
E1  Identification that no factor of 13 exists in the LHS – can also be awarded for identifying 

that no factor of 11 exists in the LHS for previous case 

Subtotal: 8
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Question 7 

 

 

 

 

    B1 
  Let ݇ and ݈ be such that ࢓ ൌ ࢔ and ࢇ݇ ൌ  ࢈݈  
  ሬሬሬሬሬሬԦܯܤ ൌ ࢇ݇ െ  ࢈ M1

  ሬሬሬሬሬሬԦܯܳ ൌ
ߤ

1 ൅ ߤ
ሺ݇ࢇ െ  ሻ࢈ A1 

  Similarly: 

ܳܰሬሬሬሬሬሬԦ ൌ
ߥ

1 ൅ ߥ
ሺ݈࢈ െ  ሻࢇ

A1 

  Therefore: 

ࢗ ൌ ሬሬሬሬሬሬԦܯܱ ൅ ሬሬሬሬሬሬԦܳܯ ൌ ࢇ݇ െ
ߤ

1 ൅ ߤ
ሺ݇ࢇ െ  ሻ࢈

M1 

 
ࢗ ൌ

݇
1 ൅ ߤ

ࢇ ൅
ߤ

ሺ1 ൅ ሻߤ
 ࢈

A1

  And: 

ࢗ ൌ
݈

1 ൅ ߥ
࢈ ൅

ߥ
ሺ1 ൅ ሻߥ

 ࢇ

M1 
A1 

  Since ࢇ and ࢈ are not parallel: 
݇

1 ൅ ߤ
ൌ

ߥ
ሺ1 ൅ ሻߥ

 

M1 

  Therefore 

݇ ൌ
ሺ1 ൅ ߥሻߤ
1 ൅ ߥ

 

So 

࢓ ൌ
ሺ1 ൅ ߥሻߤ
1 ൅ ߥ

 ࢇ

A2 AG 

     
 

ሬሬሬሬሬሬԦܰܣ ൌ
ሺ1 ൅ ߤሻߥ
1 ൅ ߤ

࢈ െ  ࢇ
B1 

  Therefore: 

ሬሬሬሬሬԦܮܱ ൌ
ሺ1 ൅ ߥሻߤ
1 ൅ ߥ

ࢇ ൅ ݌ ቆ
ሺ1 ൅ ߤሻߥ
1 ൅ ߤ

࢈ െ  ቇࢇ

For some value of ݌ 

M1 
A1 

  Since ܱܮሬሬሬሬሬԦ is parallel to ࢈, the coefficient of ࢇ must be 0  M1 

  ሺ1 ൅ ߥሻߤ
1 ൅ ߥ

െ ݌ ൌ 0 
M1 

  Therefore 

ሬሬሬሬሬԦܮܱ ൌ
ሺ1 ൅ ߥሻߤ
1 ൅ ߥ

ࢇ ൅
ሺ1 ൅ ߥሻߤ
1 ൅ ߥ

ቆ
ሺ1 ൅ ߤሻߥ
1 ൅ ߤ

࢈ െ ቇࢇ ൌ  ࢈ߤߥ

M1

  So ߣ ൌ  ߥߤ A2 
  ߥߤ ൏ 1 means that ܮ lies on ܱܤ.  E1 
   

O

A B

NM
Q
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B1  Diagram 

M1  Method to work out ܯܤሬሬሬሬሬሬԦ in terms of ࢇ and ࢈ 
A1  Expression for ܳܯሬሬሬሬሬሬԦ 
A1  Expression for ܳܰሬሬሬሬሬሬԦ 
M1  Find an expression for ࢗ in terms of ࢇ and ࢈ 
A1  Correct expression 

M1  Find a second expression for ࢗ in terms of ࢇ and ࢈ 
A1  Correct expression 

M1  Equate coefficients of ࢇ 
A2  Reach given expression for ࢓ 

Subtotal: 11

B1  Find expression for ܰܣሬሬሬሬሬሬԦ 
M1  Form an equation of the line on which L lies. 

A1  Correct equation 

M1  Identify that the component in the direction of ࢇmust be 0

M1  Correct equation for ݌ 
M1  Substitution back into equation of line 

A2  Correct relationship 

E1  Correct explanation 

Subtotal: 9
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Question 8 

(i) ݀ݐ݀ݒ = ଵଶିݕ12 × ݐ݀ݕ݀  
M1  

ݐ݀ݕ݀  = ݒ2 ݐ݀ݒ݀  
A1 

ݒ2  ݐ݀ݒ݀ = ݒߙ −  ଶݒߚ
 

ݐ݀ݒ݀  = 12 ߙ) − M1 (ݒߚ

 න ߙ1 − ݒߚ ݒ݀ = න12݀ݐ M1 

 − ߚ1 ln|ߙ − |ݒߚ = 12 ݐ + ܿ M1 

ߙ  − ݒߚ = ଵଶఉ௧ M1ି݁ܣ

ݒ  = ߚ1 ൬ߙ −   ଵଶఉ௧൰ି݁ܣ
A1 

ݕ  = ଶߚ1 ൬ߙ −  ଵଶఉ௧൰ଶି݁ܣ
 

ଵݕ  = ଶߚଶߙ ൬1 − ݁ିଵଶఉ௧൰ଶ 
A1

   
(ii) Use the substitution ݒ = ݐ݀ݒ݀ :భయݕ = ଶଷିݕ13 × ݐ݀ݕ݀  

M1 

ଶݒ3  ݐ݀ݒ݀ = ଶݒߙ −  ଷݒߚ
 

ݐ݀ݒ݀  = ߙ13 −  ݒߚ13
A1 

 න ߙ1 − ݒߚ ݒ݀ = න13݀ݐ  

 − ߚ1 ln|ߙ − |ݒߚ = 13 ݐ + ܿ  

ߙ  − ݒߚ =   ଵଷఉ௧ି݁ܣ

ݒ  = ߚ1 ൬ߙ −  ଵଷఉ௧൰ A1ି݁ܣ

ݕ  = ଷߚ1 ൬ߙ −  ଵଷఉ௧൰ଷି݁ܣ
 

ଶݕ  = ଷߚଷߙ ൬1 − ݁ିଵଷఉ௧൰ଷ 
A1 
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(iii) If ߙ = (ݔ)ଵݕ :ߚ = ቀ1 − ݁ିభమఉ௫ቁଶ and ݕଶ(ݔ) = ቀ1 − ݁ିభయఉ௫ቁଷ 

B1 

   
 Sketch of graphs: 

 
Ignore anything to left of ݕ-axis. 

 

 Both curves have a horizontal asymptote ݕ = 1 G1
 Both curves have gradient 0 as they pass through the origin G1 
 Both functions have decreasing gradient. G1 
 For positive values of 0 :ݔ > ݁ିଵଷఉ௫ > ݁ିଵଶఉ௫  

 
E1 

 Therefore  ൬1 − ݁ିଵଷఉ௫൰ < ൬1 − ݁ିଵଶఉ௫൰ < 1 

 
E1 

 ൬1 − ݁ିଵଷఉ௫൰ଷ < ൬1 − ݁ିଵଷఉ௫൰ଶ < ൬1 − ݁ିଵଶఉ௫൰ଶ 
E1 

 So the graph of ݕଶ should lie below the graph of ݕଵ G1
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M1 Relationship between ௗ௬ௗ௧  and ௗ௩ௗ௧ (accept ݀ݕ =  (ݒ݀ݒ2
A1 Correct differentiation 
M1 Substitution completed and simplified
M1 Variables separated 
M1 Integration completed 
M1 Logarithm removed 
A1 Rearranged so that ݒ is subject
A1 Formula for ݕ and boundary condition applied (must be in the form ݕ = ⋯) 

Subtotal: 8
M1 Correct substitution chosen and applied  (could use ݒ =  (మయݕ
A1 Simplified differential equation reached
A1 Solution rearranged so that ݒ is the subject 
A1 Formula for ݕ and boundary condition applied (must be in the form ݕ = ⋯) 

Subtotal: 4
B1 Simplified expressions found for the case ߙ = ߚ
G1 Asymptote must be indicated (accept if not explicit, but ݕ → 1 seen and clear from shape) 
G1 Zero gradient through origin must be clear 
G1 General shape away from origin correct. Accept any increasing function with decreasing 

gradient 
E1 Comparison of exponential functions
E1 Comparison of the functions that will be raised to a power
E1 Correctly deduced relationship between the two graphs 
G1 ݕଵ >  .ଶ. Must have at least one of the E marks awarded to receive this markݕ

Subtotal: 8
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Question 9 

 When ܣ reaches the ground for the first time ܤ will be at a height of 9ℎ above ܲ. B1 
 For the motion until ܣ reaches the ground:ݑ = 0, ܽ = ݏ ,݃ = 8ℎ ݒଶ = ଶݑ +  ݏ2ܽ

M1

ଶݒ  = 16݃ℎ  
 Therefore ݒ = 4ඥ݃ℎ A1 
rebounds with a speed of 2ඥ݃ℎ ܣ   ଵ A1ିݏ݉
 The velocity of ܤ relative to ܣ for the subsequent motion will be 6ඥ݃ℎ B1 
 The particles will therefore collide after ଽ௛଺ඥ௚௛ = ଷ௛ଶඥ௚௛  M1 ݏ

A1 
 For particle ݑ :ܣ = −2ඥ݃ℎ, ܽ = ݃, ݐ = 3ℎ2ඥ݃ℎ 

 

ݏ  = ݐݑ + ଶݐ12ܽ = −2ඥ݃ℎ ቆ 3ℎ2ඥ݃ℎቇ + 12݃ ቆ 3ℎ2ඥ݃ℎቇଶ 
M1

ݏ  = −3ℎ + 9ℎ8 = −158 ℎ 

So the collision occurs a distance of ଵହ଼ ℎ above ܲ. 

A1 
AG 

   
ݒ  = ݑ + ݐܽ = −2ඥ݃ℎ + ݃ ቆ 3ℎ2ඥ݃ℎቇ 

M1 

ݒ  = −12ඥ݃ℎ ݑ஺ = 12ඥ݃ℎ 

A1 

 The velocity of ܤ will be −12ඥ݃ℎ + 6ඥ݃ℎ = 112 ඥ݃ℎ ݑ஻ = 112 ඥ݃ℎ 

M1 
 
 
A1 
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 To hit the ground the second time with speed 4ඥ݃ℎ: ݒ = 4ඥ݃ℎ, ܽ = ݃, ݏ = 158 ℎ 

 
 
 

ଶݒ  = ଶݑ +   ݏ2ܽ
 16݃ℎ = ଶݑ + 154 ݃ℎ 

M1 

ଶݑ  = 494 ݃ℎ A1

ݑ  = ଻ଶඥ݃ℎ (since ݑ > −ଵଶඥ݃ℎ) E1 

   
 Conservation of momentum for collision between the beads:݉൬−12ඥ݃ℎ൰ + ݉൬112 ඥ݃ℎ൰ = ݉൬72ඥ݃ℎ൰ +  ݒ݉

where ݒ is the velocity of ܤ after the collision. 

M1

ݒ  = 32ඥ݃ℎ A1 

 ݁ = 72ඥ݃ℎ − 32ඥ݃ℎ112 ඥ݃ℎ − ቀ−12ඥ݃ℎቁ = 13 
M1 
A1 

 

  

©UCLES STEP 2 MATHEMATICS 2018 51



B1 May be implied by later work
M1 Application of correct formula 
A1 Correct value for velocity 
A1 Correct rebound speed 
B1 May be implied by later work
M1 Application of correct formula 
A1 Correct time 
M1 Application of correct formula 
A1 Correct solution 

Subtotal: 9
M1 Application of correct formula 
A1 Correct speed 
M1 Application of correct formula
A1 Correct speed 

Subtotal: 4
M1 Application of correct formula
A1 Reach two possible values 
E1 Select correct value 
M1 Apply conservation of momentum 
A1 Find velocity of ܤ after collision
M1 Apply correct formula 
A1 Correct value 

Subtotal: 7
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Question 10 

 At time ݐ the string will have a length of ܽ +  M1 ݐݑ
 The speed of the point on the string will therefore be ௫௨௔ା௨௧ A1

ݐ݀ݔ݀  = ܽݑݔ + ݐݑ +  ݒ
B1 

ݐ݀݀  ቀ ܽݔ + ቁݐݑ = (ܽ + (ݐݑ ݐ݀ݔ݀ − ܽ)ݑݔ + ଶ(ݐݑ  
M1 
A1 

 = ݑݔ + ܽ)ݒ + (ݐݑ − ܽ)ݑݔ + ଶ(ݐݑ = ܽݒ +  M1 ݐݑ
A1 AG 

   
ܽݔ  + ݐݑ = න ܽݒ + ݐݑ M1 ݐ݀

ܽݔ  + ݐݑ = ݑݒ ln|ܥ(ܽ +  A1 |(ݐݑ

 At ݐ = ݔ ,0 = 0: 0 = ݑݒ ln  ܥܽ

 
M1 

 Therefore C	= ଵ௔ A1

 At ݐ = ݔ ,ܶ = ܽ + ܽ :ܶݑ + ܽܶݑ + ܶݑ = ݑݒ ln ฬ1ܽ (ܽ +   ฬ(ܶݑ
M1 

 1 + ܽܶݑ = ݁௞  

where ݇ =  .ݒ/ݑ

 

ܶݑ  = ܽ(݁௞ − 1) A1 AG
   
 For the journey back: ݀ݐ݀ݔ = ܽݑݔ + ݐݑ −  ݒ

 
M1 

ݐ݀݀  ቀ ܽݔ + ቁݐݑ = − ܽݒ +  M1 ݐݑ

 Therefore ܽݔ + ݐݑ = ݑݒ− ln|ܥ(ܽ +   |(ݐݑ
A1 

 At ݐ = ݔ ,ܶ = ܽ + ܽ :ܶݑ + ܽܶݑ + ܶݑ = ݑݒ− ln|ܥ(ܽ +   |(ܶݑ
M1 

 Therefore: ܥ(ܽ + (ܶݑ = ݁ି௞ 
 
A1 

 Solve for ݔ = 0: 0 = ݑݒ− ln|ܥ(ܽ +   |(ݐݑ
M1 

 Therefore ܥ(ܽ + (ݐݑ = 1 
 

 ݁ି௞(ܽ + (ݐݑ = ܽ +   ܶݑ
ݐ  = (ܽ + ௞݁(ܶݑ − ݑܽ  

 

 Therefore the time for the journey back is: (ܽ + ௞݁(ܶݑ − ݑܽ − ܽ൫݁௞ − 1൯ݑ = ܶ݁௞  

 
A1 
CAO 
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M1 Expression for length at time ݐ
A1 Correct speed 
B1 Correct differential equation 
M1 Use of quotient rule 
A1 Correctly completed 
M1 Substitution 
A1 Result verified 

Subtotal: 7
M1 Method for solving the differential equation
A1 Correctly integrated 
M1 Substitute boundary condition 
A1 Correct value for constant 
M1 Substitute for end point 
A1 Simplified 

Subtotal: 6
M1 New differential equation 
M1 Correct new differential 
A1 Correct solution to differential equation 
M1 Substitute for start of journey back 
A1 Correct constant 
M1 Solve for time of return 
A1 Find time for return journey. 

Subtotal: 7
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Question 11 

 

 

 

 

 

 

 Taking moments about the centre of mass:ܴி݀ + ℎܨ = ܴோሺܾ − ݀ሻ 
M1
A1 
A1 

ܨ  = ܴோሺܾ − ݀ሻ − ܴி݀ℎ  
M1 
A1 

 At the time when the front wheel loses contact with the ground:ܴி = 0 and ܴோ = ݉݃ 
B1 

ܨ  = ݉݃ሺܾ − ݀ሻℎ  
 

 Maximum possible frictional force is ݃݉ߤ B1 
 Therefore if ݃݉ߤ < ݉݃ሺܾ − ݀ሻℎ  

then the rear wheel will have slipped before this point. 
i.e. if ߤ < ܾ − ݀ℎ  

E1 
AG 

   
 At the moment before the rear wheel slips, friction will take its maximum value B1 
 ܴோሺܾ − ݀ሻ − ܴி݀ℎ =  ோܴߤ

M1 

 Resolving vertically: ܴி + ܴோ = ݉݃ 
M1 

 ܴோܾ − ݉݃݀ =  ℎܴோ M1ߤ
 ܴோ = ܾ݉݃݀ −  ℎߤ

A1 

 Therefore ܨ = ܾ݀݃݉ߤ −  ℎߤ

 

 Newton’s second law: ܨ = ݉ܽ 
M1 

 Therefore ܽ = ܾ݃݀ߤ −  ℎߤ

A1 

   
  

b

d 

h

ܴி  ܴோ

݉݃
ܨ
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 The front wheel would lose contact with the road when ܴி = 0:  
 The acceleration is given by ܽ = ܴோܾ − ݉݃݀݉ℎ  

Therefore ܽ increases as ܴோ increases and ܴி decreases 

E1 
E1 

 So the maximum acceleration is at the moment when the front wheel would be 
about to leave the ground 

E1 

 At this point ܨ = ௠௚ሺ௕ିௗሻ௛  and so ܽ = ݃ሺܾ − ݀ሻℎ  

A1 
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B1 Forces all identified 
M1 Taking moments 
A1 All clockwise moments correct 
A1 All anticlockwise moments correct 
M1 Rearrange to make ܨ the subject
A1 Correct form 
B1 Identify reaction forces for this case 
B1 Identify maximum possible value for ܨ 
E1 Explanation that rear wheel would have slipped

Subtotal: 9
B1 Maximum value used 
M1 Substituted into equation 
M1 Resolve forces vertically (may be seen earlier)
M1 Eliminate ܴி 
A1 Correct reaction force 
M1 Substitute into frictional force and apply Newton’s second law
A1 Correct value for ܽ 

Subtotal: 7
E1 Use of formula for the acceleration 
E1 Identify that higher accelerations have higher reaction at the rear
E1 Identify moment when maximum acceleration occurs 
A1 Correct value 

Subtotal: 4
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Question 12 

(i) I will win if there are ℎ consecutive heads and lose otherwise. ܲሺℎ	ܿ݁ݒ݅ݐݑܿ݁ݏ݊݋	ℎ݁ܽ݀ݏሻ = ௛݌ ൤= ቀ ேேାଵቁ௛൨  M1 

ݏ݃݊݅݊݊݅ݓ	݀݁ݐܿ݁݌ݔܧ  = ௛ℎ݌ ൤= ቀ ேேାଵቁ௛ ℎ൨  A1 

 Let ܧ௛ be the expected winnings when the value ℎ is chosen. ܧ௛ାଵܧ௛ = ൬ ܰܰ + 1൰ ൬ℎ + 1ℎ ൰ = ܰℎ + ܰܰℎ + ℎ  

M1 
A1 

 Therefore ா೓శభா೓ > 1 if ℎ < ܰ M1 

 And ா೓శభா೓ < 1 if ℎ > ܰ M1 

 So as ℎ increases, the values of ܧ௛  increase until ℎ = ܰ, the value then remains 
the same for ℎ = ܰ + 1 and decreases thereafter. 
So I can maximise my winnings by choosing ℎ = ܰ  

A1 

   
(ii) Possible sequences that lead to a win are:  
 All heads: Probability: ቀ ேேାଵቁ௛  

 There are ℎ positions available (one before each of the heads) where at most one 
tail can be placed. 

B1 

 1 tail can be placed in any of the ℎ positions, so the probability of a sequence 

containing just one tail is ቀℎ1ቁ ቀ ேேାଵቁ௛ ቀ ଵேାଵቁଵ 

M1 

 Similarly, for any other number of tails, ݐ ≤ ℎ, the probability of a winning 

sequence containing that number of tails will be ቀℎݐቁ ቀ ேேାଵቁ௛ ቀ ଵேାଵቁ௧ M1 

 Therefore the probability that I win is෍ቀℎݐቁ ൬ ܰܰ + 1൰௛ ൬ 1ܰ + 1൰௧௛
௧ୀ଴ = ൬ ܰܰ + 1൰௛෍ቀℎݐቁ ൬ 1ܰ + 1൰௧௛

௧ୀ଴  

M1
A1 

 As the sum in the expression on the right is a binomial expansion it can be 

rewritten as ቀ ଵேାଵ + 1ቁ௛ 

M1 
A1 

 The probability that I win is therefore൬ ܰܰ + 1൰ ൬ 1ܰ + 1 + 1൰௛ = ܰ௛ሺ1 + ܰ + 1ሻ௛ሺܰ + 1ሻଶ௛ = ܰ௛ሺܰ + 2ሻ௛ሺܰ + 1ሻଶ௛  

 

 So my expected winnings are ௛ே೓ሺேାଶሻ೓ሺேାଵሻమ೓  A1 AG 

   
 In the case ܰ = 2, the expected winnings are ℎ ቀଽ଼ቁ௛   

 The maximum value is when ℎ = 8 or ℎ = 9 and has a value of ଼వଽఴ B1 

 logଷ ቀ଼వଽఴቁ = 9 logଷ 8 − 8 logଷ 9  M1 

 = 27 logଷ 2 − 16  M1 
 ≈ 27ሺ0.63ሻ − 16 = 1.01  M1
 Therefore ଼వଽఴ ≈ 3ଵ.଴ଵ ≈ 3 A1 AG 
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M1 Attempt to find a probability of a sequence of heads followed by a tail
A1 Correct expected value 
M1 Consideration of how expected value changes with ℎ 
A1 Correct expression 
M1 Justification that the expected value increases with ℎ while ℎ < ܰ
M1 Justification that the expected value decreases with ℎ while ℎ > ܰ 
A1 Conclusion that winnings can be maximised if ℎ = ܰ 

Subtotal: 7
B1 Identifies a strategy for considering all winning sequences
M1 Correct probability for one case, could be seen as part of full sum 
M1 Generalised to any case 
M1 Expression as a sum and restatement so that binomial can be identified 
A1 Fully correct expression 
M1 Identification of binomial expansion 
A1 Correct simplification 
A1 Fully justified expression for expected winnings

Subtotal: 8
B1 Identification of maximum value for expected winnings 
M1 Takes logs and simplifies 
M1 Further simplification 
M1 Applies given approximation 
A1 Concludes given estimate for expected winnings 

Subtotal: 5
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Question 13 

(i) ܣଵ = ଵଶ , ଵܥ = 0  B1 

ଵܤ  = ଵସ, ܦଵ = ଵସ B1 

ଶܣ  = ଵଶ × ଵଶ + ଵସ × ଵସ + ଵସ × ଵସ = ଷ଼  M1 
M1 
A1 

ଶܤ  = ଶܦ = ଵଶ × ଵସ + ଵସ × ଵଶ = ଵସ  M1 
A1 

ଶܥ  = ଵସ × ଵସ + ଵସ × ଵସ = ଵ଼  M1 
A1 

   
(ii) ܤ௡ାଵ = ଵଶܤ௡ + ଵସ ௡ܣ) +  ௡)  M1ܥ

௡ܣ  + ௡ܤ + ௡ܥ + ௡ܦ = 1  M1 
௡ܤ  = ௡ (by symmetry) M1ܦ
 Therefore ܣ௡ + ௡ܥ = 1 −  ௡ M1ܤ2
௡ାଵܤ  = ଵସ  and so ܤ௡ = ௡ܦ = ଵସ for all ݊. A1 

   
௡ାଵܣ  = ଵଶ ௡ܣ + ଵସ ௡ܤ) + (௡ܦ = ଵଶܣ௡ + ଵ଼  M1 

A1 
௡ାଵܣ  − 14 = 12 ൬ܣ௡ − 14൰ M1 

 Therefore ቀܣ௡ − ଵସቁ is a geometric sequence with common ratio ଵଶ M1 

௡ܣ  = ଵସ + ቀଵଶቁ௡ାଵ  A1

௡ܥ  = ଵସ − ቀଵଶቁ௡ାଵ  A1 
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B1 Both values correct 
B1 Both values correct 
M1 One of the three cases identified in calculation or a tree diagram drawn to show all cases 
M1 All three cases correctly identified 
A1 Correct value 
M1 Correct calculation 
A1 Correct value 
M1 Correct calculation 
A1 Correct value 

Subtotal: 9
M1 Recurrence relation for ܤ௡ (or ܦ௡) found 
M1 Statement that probabilities add up to 1 
M1 Identification of symmetry in problem or a recurrence relation to identify this relationship
M1 Combination so that ܣ௡ and ܥ௡ can be eliminated 
A1 Correct value 
M1 Recurrence relation for ܣ௡ 
A1 Correct relation having substituted for ܤ௡ and ܦ௡ 
M1 Appropriate method to find ܣ௡ 
M1 Identification of geometric sequence 
A1 Correct expression for ܣ௡ (must be simplified)
A1 Correct expression for ܥ௡ (must be simplified) 

Subtotal: 11
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